Calculus II - Day 15

Prof. Chris Coscia, Fall 2024
Notes by Daniel Siegel

4 November 2024

Goals for today

o Survive
Expression inside integral r-substitution New expression dx expression
2 2 x = asinf 2 o o
a®—x _r<p<r a® cos” 6 dxr = acosfdf
T =atanf
a? + 22 x ,r a®sec? 0 dx = asec? 6 df
-5 <0<3
9 9 T =asech 9. 9
¢ —a a® tan® 0 dxr = asecftandf
0§9<%0r77§9<37”

Example

/3 V9 — 22
72dx
1.5 €

Substitute £ = 3sin 6, so dx = 3cos df.
When x = 3, we have:

3=3sinf = sinf =1 = 6 = arcsin(l) =

| N

When z = 1.5, we get:

1 1
1.5 =3sinf = sinf = 3 = 0 = arcsin (2> :%

Rewrite with new bounds:

-3cosfdb

/”/2 V9 —9sin% 6

/6 9 sin?

71'/2 9
=/ ?)C_Lzﬁcosgcw
x/6 9sin” 0




7r/2 29
:/ 90.032 a0
x/6 9sin”0

/2
:/ cot? 6 do

Using the identity cot? 6 = csc? 6 — 1:

Now, evaluate at the bounds:

(o5 (o)) -5)

Since cot (3) = 0 and cot (%) = /3, we have:

Simplifying the final answer:

3w+ 74+6V3  —2r4+6V3
= ; = ; =

—T
? + \/§
Another Example

! 1
/0 v ™

Substitute x = tan 6 and dx = sec? 6 df.
Changing Bounds:

When z =0, § = arctan(0) = 0. When = = 1, § = arctan(1) = J.
Thus, we rewrite the integral:

1 1 7T/4 1 9
———Fdr = —_— 0do
/0 1122 /0 (1 + tan2 )32 °°

Since 1 + tan? 6 = sec? 6:

/4 2 w/4 /4
:/ wdQZ/ 1 d@z/ cos 0 df
o sec’d o  sect 0

Now, integrate and evaluate:

w/4
=sinf
0

= sin (%) —sin(0) =



1

V2

Now, let’s consider the same integral as an indefinite integral:

1
/ Tk

Substitute x = tan, dx = sec? 6 df.

2
:/M]Wsec29d9:/zgzgzd9:/cosad9
an
=sinf +C

Since x = tan 6, we have § = arctan(x), so this becomes sin(arctan(x)) + C.
Now, we can use a right triangle to treat sin(arctan(z)) in a different form.

c

hypotenuse = vz2 + 1

opposite = x

0 = arctan(x)

-
A adjacent = 1 B

In this triangle, since ¢ = arctan(x), tan = 7. Therefore, we label the opposite side as x, the
adjacent side as 1, and the hypotenuse as vz2 + 1.
So, sin(#) = e Which means:

sin(arctan(z)) =

Final answer:

Another Example

1
————dx
/ x2Vx? +4
Substitute 2 = 2tan 6, so dz = 2sec? 0 df.

1
= -2sec? 6 do
/4tan2 0v4tan? 0 + 4




1 1 sec 6
= —————— 2sec’0do =~ | ——db
/4tan29-25e09 see 4/tan29

Rewrite using trigonometric identities:

1 1/cos@ 1 [ cosf
— o [ LS g o [ 7 gy
4 / sin? 0/ cos? 0 4 / sin? @

At this point, there are two ways to proceed:

Trig substitution u-substitution
1 Let u = sin 0, then du = cos 8 df.
ZZ/CO‘EHCSCGCZ@ 1/ 1 . 1 e
= — — adu = ——U
1 4 ) u? 4
=1 cscd+C )
= —cse 0+C

Now, convert back to x:

C
hypotenuse = v/z2 + 4

opposite = x

¢ = arctan (%)

A adjacent = 2 B

In this triangle, since § = arctan (%), tanf = 5. Thus, we label the opposite side as x, the

adjacent side as 2, and the hypotenuse as vx? + 4.

. __ hypotenuse _ /z2+4
Therefore, csc(f) = 2EEPEEree = V=2,
So,

1 244
—1 csc(arctan(z/2)) + C = —% +C

Final answer:

244

Example:

/ 2z d
——dx
vVa?+4

Don’t be fooled—this looks like a trigonometric substitution, but we can instead use v = 22 + 4.



A Secant Substitution Example
[ ==
——dx
1 1‘2 -1
Using « = sec @, then dx = sec 6 tan 6 df.
Changing the bounds:

When z = 2:

When z = 1:
1
2 =secl = cosl = 3

1=secld = 1=cosl

g — 1 o
6 = arccos(1) =0 = arccos 5)=3

Rewrite the integral with new bounds:

/3 1

= ———secftanfdb
/0 Vsec? —1
Since sec?§ — 1 = tan? 6: P
= / secdtan 6 df
0 tan
w/3
= / sec 6 db
0
Now, using the anti-derivative [secfdf = In|sec6 + tand)|:
/3

= In|sec + tand)||,

Note: This anti-derivative is useful to know.
Evaluating at the bounds:

=In ’sec (g) + tan (g)’ — In [sec(0) + tan(0)|

Since sec (%) = 2 and tan (%) = /3, while sec(0) = 1 and tan(0) = 0
=In|2+ V3| - In|1|

= In(2 + V3)

In(2 + v/3)

Example:



42214z -5 We need to “complete the square” to rewrite
/ 42 dz 2?2 + 4z — 5.

Complete the square:

2 tdr—5= (2 +da+4)—4-5=(x+2)?2-9

Note: Completing the Square

How did we get to (x + 2)2?
To complete the square with % + az + b:

For this problem:
A\ 2
:172+4:v+4<:17+2) = (z +2)2

With the completed square, we have:
2 +4r—-5=(x+2)* -9
Back to the problem.

Now let u = 3secl

/ V(x4 2)? du = 3secOtan b db.

o z+2 When v = 3:
Using u = = + 2, so du = dx, 3=3sech = sech =1
u(l)=3, u(4)=6 =cosf=1=0=0
When u = 6:
/6mdu 6 = 3sec = sect =2

1 T
COS B = 3

Rewrite the integral with new bounds:

_/”/3 V9sec?0 —9
0

= Tsec 0 - 3secltan 6 do

Simplify:

w/3 t 0 w/3
:/ 3 tan -3secetan9d9:/ 3tan2 0 df
o  3secd Jo



Rewrite tan? 6 using tan? @ = sec? 6 — 1:

w/3
:3/ (sec’ 0 — 1) df
0

= [3tan6 — 39]3/3

Evaluating at bounds:

=(3V3—m)—(0-0)
=3V/3—nx

Example:

Substitute u = + 1: du = dx

/ 2?2 +2c+1 e
(15 — 2z — 22)3/2

Rewrite 15 — 2o — 22 by completing the square:

15— 2z — 2% = 16 — (x + 1)?

2
U
- G
Now let u = 4sin#, so du = 4 cos df
B / (4sin0)% - 4 cos O "
N (16 cos? )3/2

Simplify:

B / 16sin%0 - 4 cosf

_ 2
61 oo 0 df = /tan 0do

Use tan? 6 = sec? 6 — 1:
:/(56029—1)d9:tan9—9+0

Substitute back # = arcsin (%)

= tan (arcsin (%)) — arcsin (%) +C

Substitute u = = + 1:

1 1
= tan (arcsin (xl_ >> — arcsin (II )—i—C




To express tan(arcsin((x + 1)/4)) using a right triangle, consider the following triangle setup:

C

hypotenuse = /(x + 1)2 + 16
opposite = x + 1

0 = arcsin ( 1 -

A adjacent = 4 B

;c+1)

From the triangle:

< ) <:L'+ 1>) z+1
tan ( arcsin =
4 V16 — (z 4 1)2

Final answer:

z+1 .<x+1>
—_———— — arcsin (| —— + C
16 — (z + 1)2 4

The professor apologizes, noting that this is indeed a standard difficulty for a trigonometric
substitution. The class objective was, in fact, correct.




